We analyze momentum dependent vector modes in the context of gauge theories dual to R-charged black holes in D = 4, 5 and 7. For a variety of examples, the master variables are constructed, for which the linearized equations for the perturbations decouple. These allow for the computation of momentum dependent correlation functions. Away from the hydrodynamic limit, numerical analysis using the decoupled equations of motion is used to obtain the analogues of the Depine-Lakhtakia (DL) index. For specified ranges of frequencies, a negative index of refraction is seen to occur in all cases. *
Introduction
In recent years, there has been increasing evidence that the AdS/CFT correspondence [1] can been used as a tool to understand realistic physical phenomena in material systems. This correspondence, which relates a strongly coupled quantum field theory in flat space-time with a classical theory of gravity in higher dimensions, has provided an exciting arena to study conformal field theories that arise in condensed matter systems, via holography. Several important and interesting results have thus far emerged, and it has been shown that it is indeed possible to gain useful insight into a variety of problems in condensed matter physics via the gauge-gravity duality [2] , [3] .
Important ingredients in this analysis are the retarded correlators of the boundary theory, at finite momentum and frequency. These have been analyzed for RN-AdS backgrounds (see e.g [4] , [5] , [6] ), and provide useful information about the boundary theory. The finite momentum analysis can be substantially more difficult than that at zero momentum, due to the appearance of coupled differential equations at the perturbative level, and it is useful to decouple the equations by an appropriate choice of "master variables" [7] . These become important in the context of numerical analysis, if one needs to go beyond the large wavelength limit in the boundary theory.
The above discussion becomes relevant in the context of a holographic description of an exotic property of matter that has attracted a lot of attention in recent years, namely, the phenomenon of negative refractive index in materials (see, e.g [8] , [9] ). These materials, called meta-materials, are artificially engineered, and have the property that the permittivity ǫ and permeability µ of these can be negative. This results in a negative refractive index, in the sense that the negative sign in the square root of the relation n = − √ ǫµ had to be chosen [10] . Although mathematically interesting, it took a few decades before the physical applications of the results of [10] could be envisaged in [11] , [12] . Shortly afterwards, the possibility of simultaneous negative values of the ǫ and µ was experimentally demonstrated [13] , and since then, there has been widespread activity to understand the exotic properties of meta-materials, and these have been used in a variety of applications in physics and engineering. Indeed, in the context of the AdS/CFT correspondence, a holographic description of strongly coupled field theories was shown to generically admit a negative refractive index [14] . This "optics/geometry" duality, studied in the context of the five dimensional RN-AdS black hole in [14] has been further explored in [15] , where a four dimensional example was worked out. The methods were then extended to the case of holographic superconductors [16] , in the work of [17] , [18] .
In this paper, we extend this analysis to gauge theories dual to R-charged black holes in D = 5, 4 and 7, that correspond to rotating D3, M2 and M5 branes. In particular, we study the the momentum dependent vector mode perturbations on the black hole side. In several examples, we construct the master variables, which simplify the computation and gives rise to a set of decoupled equations that result from linearizing the perturbations. These are then used to compute a variety of correlators for the boundary theory, which, in particular, leads to the Depine-Lakhtakia (DL) index, that, under certain circumstances, determine the possibility of negative refraction in a material medium. While the DL index is simple to write down in the hydrodynamic limit using results from standard black hole thermodynamics, a numerical routine has to be employed away from this limit. Using our master variables, we achieve this, and show that negative refraction is a generic feature in all our examples both in the hydrodynamic limit and away from it, in lines with the observations made in [14] . This paper is organized as follows. In section 2, we first review the basic setup and fix the notations and conventions to be used in the rest of the paper. We then analyze momentum dependent vector mode perturbations corresponding to gauge theories dual to four dimensional R-charged black holes. This is done for the single charge case, as well as a two-charge examples. For both cases, we perform numerical computations to analyze the DL index away from the hydrodynamic limit. In sections 3 and 4, we perform similar analyses for the five dimensional and the seven dimensional examples. Section 5 ends the paper with our conclusions and some discussions.
R-charged Black Holes in Four Dimensions
In this section, we will first review some of the basic formulae in order to fix the notations and conventions that we use in the rest of the paper. We first quickly recapitulate some of the well known results of R-charged black holes, before reviewing the basic formalism required to understand their optical properties via holography. Here, and in what follows, our notations closely follow [19] . R-charged black holes form the gravity duals to rotating branes in various di-mensions. For example, in its simplest form, the gravity dual to D3-branes is the canonical AdS 5 × S 5 , while a spinning D3-brane configuration [20] corresponds to adding rotations in planes orthogonal to the brane, which lead to the rotation group SO(6). Three non-zero chemical potentials can be associated to the three commuting Cartan generators of the group SO(6) of rank 3, and these are the spins of the D3-branes, i.e represent the three charges under a global SO(6) R-symmetry of the N = 4 SCFT residing on the brane. These are the three U(1) charges of black holes in AdS 5 supergravity that arises in the corresponding Kaluza-Klein reduction of the D3-brane on S 5 [21] .
The hydrodynamics of R-charged black holes have been investigated in detail in the last few years, starting from the work of [22] . While the original work of [22] focussed on the dual D3-brane N = 4 SYM theories with non-zero chemical potential, this was generalized to other cases involving M2 and M5-branes, see e.g [19] , [23] , [24] , [25] and references therein. However, to the best of our knowledge, momentum dependent analyses of the vector modes for R-charge black holes have not been worked out. In this paper, we will undertake this task. In what follows, for a variety of examples 1 , we analyze the correlation functions for momentum dependent vector mode perturbations for R-charged black holes by constructing a master variable [7] in each case. In terms of these variables, the perturbation equations decouple, and this helps us to numerically analyze some properties of the dual gauge theory away from the hydrodynamic limit, as we elaborate upon in sequel. Important for our analysis will be the correlators that determine the optical properties of the dual gauge theories. The latter has been investigated in the pioneering work of [14] . The main result that we will use is that using linear response theory in the AdS/CFT correspondence, it can be shown [14] that the electric permittivity and the effective magnetic permeability are related to the frequency dependent transverse current correlators evaluated at the boundary of AdS, and is given by
where C em is the electromagnetic coupling, and the transverse correlator is expanded as
1 In all the cases considered in this paper, we deal with planar horizons.
Negative refraction, which occurs when the phase velocity of the of the light wave is in a direction opposite to its energy flux, is then equivalent to the negativity of the DL index [26] η DL = Re (ǫ) |µ| + Re (µ) |ǫ|
As explained in [14] , µ(ω) is an effective magnetic permeability, that is obtained by expanding the transverse dielectric permittivity in a series involving the spatial momentum.
There are several caveats that needs to be kept in mind while analyzing optical properties in the context of the gauge/gravity duality, as explained in [14] . Firstly, we deal here with relativistic systems, and are somewhat removed from the non relativistic ones usually studied in the laboratory. Secondly, strictly speaking, one does not have a dynamical photon in the boundary CFT. Hence we have to imagine a strongly coupled field theory weakly coupled to such a dynamical electromagnetic field at the boundary, and it is the refractive index of the latter that is being calculated. We will proceed while keeping these caveats in mind.
4-D Single R-charged Black Holes
We are now ready to analyze the momentum dependent vector modes that correspond to rotating M2-branes. We begin with the Lagrangian [19] 
The metric for the planar horizon, and the gauge fields are given by
As in standard literature, we have defined the coordinate u = r + /r, where r + is the radius of the outer horizon, L is a scale factor associated with the planar part of the metric, and we have defined
We also record the expression for the temperature 2 ,
with κ denoting the R charge while T 0 is the Hawking temperature of neutral black hole. For our purpose, it is enough to consider perturbations of the metric of the form
(8) Where, h tx , h zx and a x are δg tx , δg zx and δA x respectively, and all other fluctuations are taken to be zero. Here, µ is the chemical potential, and the fluctuation in the gauge field is defined with a factor of µ, to simplify calculations. The linearized equations of the perturbations in terms of T (u), Z (u) and A (u) can be written as,
It can be seen that the first two of the above set of equations combined with the fourth can be used to reproduce the third one and hence these can be considered to be independent. The first and the second equation can be used to eliminate Z(u) and finally, we end up with two coupled differential equations in A(u) and T (u). We now construct a new set of variables:
Where, we have defined
It can be checked that in terms of the new variable Φ, the above set of equations decouple, and reduce to
(12) The boundary condition that follows from eqs. (9) and (10) can be written as
Where we have defined
Now, writing the master variables in the series expansion of the form
we see that eq. (13) reduces to a simpler form
We also have to impose the usual incoming boundary condition,
where, Y ± (u) are regular at u = 1. Eq.(10) can then be cast into the form
In the hydrodynamic limit, we can solve for Y + as follows. Expanding Y + (u) in a series of i̟ and q 2 as we get the following set of equations:
Upon solving the first equation of of the set of eqs. (20), it can be checked that the regularity condition at u = 1 fixes Y 0 + upto a constant.
Similarly, we obtain
Here, in addition to the regularity condition, we have also imposed the condition, 
Finally, the boundary condition (17) gives us C p .
We record here the closed form expressions for G(u) and H(u). We find that these are given by
Now, in the same manner, we solve for Y − . First, we expand, Y − (u) in a series of i̟ and q 2 .
Subjecting the solutions to appropriate boundary conditions as before, we get
The closed form expressions for P (u) and Q(u) are presented here for the sake of completeness :
;
Now that we have solved for the Y ± , we can write down the master variables Φ ± from eq. (17) . An appropriate combination of eq.(10) now yields a solution for A(u). This can again be fed back into eq.(10) to obtain T ′ (u), and finally, using the first equation of eq. (9), we can calculate Z ′ (u). It is now easy to calculate the boundary action from (S ct is a counter-term)
and taking its derivatives yield the required Green's functions. We list the set of retarded correlators in the hydrodynamic limit :
The expression for DL index is obtained from eq. (3), along with the expressions for ǫ and µ given in eq.(1). For K 2 << ω, we find that upto leading order,
At small enough ω, real part of ǫ goes to negative values ensuring the DL index to obtain a negative value. The cut-off ω for negative refractive index will vary with the value of the charge parameter κ. To go beyond the hydrodynamic limit we need to solve the equations numerically. Let us elaborate on this briefly. The numerical solution away from the hydrodynamic limit is constructed as follows. We start with the expansion
Next, we assume the asymptotic expansion at the boundarȳ
where the hatted quantities are constants. Now, we use these expansions in the equations forȲ 0 ± andȲ 2 ± in eq. (18) and obtain a series expansion in terms of the variable u. We then need to set the coefficients of 1/u and the constant term to zero. Sinceâ ± andp ± are known, these can be used to expressb ± andĉ ± in terms ofd ± (andq ± ,r ± in terms ofê ± ). Once this is done, the constantsd ± andŝ ± are obtained by demanding that the solutions go over to known hydrodynamic case when in the large wavelength limit. To illustrate the point, we plot, in figs.(1) and (2), results for the numerical and analytical computation, for the real part of the permittivity and the imaginary part of the effective permeability, as a function of ω. These are seen to coincide in the hydrodynamic limit, and deviate away from it. We emphasize here that knowing the master variables allow us to perform similar analyses for all the retarded correlators. We will, in particular, focus on the optical properties of the boundary theory. The results of our numerical analysis for the real and imaginary parts of ǫ are presented in figs. (3) and (4). In fig.(5) , we show the imaginary part of µ, and finally, numerical results for the DL index is shown in fig.(6) .
A Two-charge Example in 4-D
We now consider a two-charge example in four dimensions. Here, for simplicity, we will restrict to the case of two equal charges. We begin with the Lagrangian
The metric is given as
and the expressions for the gauge fields become
Where, we define
κ denotes R charge while T 0 denotes the Hawking temperature of neutral black hole. We consider perturbations of the form
The linearized perturbation equations are given in terms of T (u), Z (u), A 1 (u)and
The master variables in this case are defined by
with the definition of C ± as
In terms of the master variables, the perturbation equations decouple, and we obtain
Now, using the boundary conditions
we proceed in the same way as the single charge example, and after some algebra, we can write the boundary action, and calculate the transverse correlators. We find that these are given by
The components of permittivity and permeability are computed from G 1 xx and G 2 xx using the following relationship:
And, they are found to be
The components of the DL index are given by
Again, similar to the previous subsection, we can analyze these in the hydrodynamic limit and away from it. The results of our computations indicate that they have similar features as that of the single charge example. The only difference is that the imaginary part of ǫ 12 seems to be negative, in contrast to all other cases considered in this paper.
R charged Black Holes in Five Dimensions
In this section, we will study the optical properties of R-charged black holes in D = 5, which are dual to rotating D3-branes. We will first study the single charge example. Although this was worked out in [22] , we construct here the master variables which decouple the perturbation equations, and allow us to go beyond the hydrodynamic limit, in studying the optical properties. We show this calculation in some details, to contrast the method with the well known work of [22] . We will then work out a two-charge example.
5-D Single R-charged Black holes
For the single R-charged black hole in five dimensions, we begin with the Lagrangian
The metric and gauge fields are given by
Where we define
with κ denoting the R-charge while T 0 denotes the Hawking temperature of neutral black hole. Considering perturbations of the form,
(53) with all other fluctuations set to zero, the linearized equations in terms of T (u), Z (u) and A (u) can be written as
Here, ̟ = ω 2πT 0 and q = K 2πT 0 . Now, we construct the generalized variables
where we have defined
and obtain the equations
Proceeding as in the previous cases, we obtain
Here, we have used the expressions
The solution for Y − can be obtained similarly. Expanding Y − (u) in a series of i̟ and q 2 , and subjecting the solutions to appropriate boundary conditions, it can be checked that where C n is obtained as
and also, we have the expressions
where we have introduced Li, the PolyLogarithm function. Finally, by writing down the boundary action, we find in this case, upto leading order,
Again we see that at small enough ω, the real part of ǫ obtains negative values ensuring the occurrence of negative refractive index. The cut-off ω for negative refractive index will vary with the value of the charge parameter κ. To go beyond the hydrodynamic limit we have to implement a numerical solution of eq.(57). In figs. (7) and (8) we show numerical results for the imaginary part of µ and the DL index, respectively. These are seen to have qualitatively similar features as the cases considered before.
A Two-charge Example in 5-D
We will now consider a two-charge example in five dimensions, with two non-zero chemical potentials. In this case, the metric and the gauge fields assume the expressions
It is enough for us to consider perturbations to the metric and gauge fields of the form
and we find that the linearized equations are given by
Where, ̟ = The components of permittivity and permeability are computed from G 1 xx and G 2 xx using the following relationship:
And, they are found out to be, 
As before, we have numerically analyzed the DL index using the above relations, away from the hydrodynamic limit. We find that this has the same qualitative features as the examples considered till now, namely that the DL index becomes negative at sufficiently small values of the frequency. Having the master variables in this case again allows for the computation of all the correlators away from the hydrodynamic limit, as indicated previously.
7d single R charge black hole
Finally, we turn to the case of R-charged black holes in seven dimensions, which correspond to rotating M5-branes. The analysis of the momentum dependent vector modes is similar to what we have described, and we will be brief here. The metric and the gauge fields are given by 
where, as before, κ denotes the R-charge while T 0 is the Hawking temperature of the neutral black hole [19] . The perturbations are as in the previous examples,
Discussions and Conclusions
In this paper, we have studied momentum dependent vector mode perturbations for R-charged black holes. We have carried out this analysis in four, five and seven dimensions, for both single and two-charged black holes. We have explicitly constructed the master variables in each case, for which the perturbation equations decouple. In principle, this allows for numerical analysis of the correlators away from the hydrodynamic limit. In particular, in order to study optical properties of boundary theories dual to these black holes, we have used our results to evaluate the DL index. In all the cases considered here, we find that the index becomes negative at sufficiently small frequencies, confirming the prediction of [14] . Here, we have only considered the case of the flat horizon. It will be very interesting to extend our analysis to the case of spherical horizons in R-charged black holes. This might shed light on the behavior of correlation functions away from the hydrodynamic limit, near critical points. Further, we did not construct the master variables for generic multi charge black holes. Our two-charge examples here are limited to the case where the charges are equal. Work is in progress in this direction.
